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Abstract 

We prove that the CM line bundle is ample on the proper moduli space 
which parametrizes KSBA stable varieties. 


Contents 

1 Introduction 

2 Preliminary 

2.1 Notation and Conventions. 

2.2 KSBA stable family . 

2.3 CM line bundle. 

2.4 Dlt blow up. 

2.5 Bigness and nefness of relative canonical bundle 

3 Proof of Main Theorems 

3.1 Log canonical case. 

3.2 Semi-log canonical case . 


a 

3 

3 

3 

5 

6 

7 

8 

9 

S 


1 Introduction 

Through the note, we work over a ground field k of characteristic zero. The 
moduli space of canonically polarized manifolds as well as its natural 

geometric compactification have attracted considerable interest over the past few 
decades. It has been shown that geometric invariant theory (GIT) can be used 
to construct a moduli space of (cf. |Vie95llDonOI] L However, applying 

the GIT methods to construct a natural compactification is considerably more 
challenging in higher dimension than in dimension 1 (see |WXI4] for some new 
difficulties arising). On the other hand, an alternative approach which uses the 
minimal model program (MMP) theory was first outlined in [KSB88) (see also 
[Ale96] 1. Based on the recent progress in MMP, this strategy turns out to give 
a satisfying compacitification Although the coarse moduli space 
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first only exists as an algebraic space, |Kol90] has developed a strategy to verify 
its projectivity, which was later completed in |Fujl2| for the case of varieties 
and in |KP15) for pairs. 

We can apply the Knudson-Mumford’s determinant construction to the se¬ 
quence of ample line bundles on constructed by Kollar. The coefficient 

of the leading term is the CM line bundle (see Section r2.3|) . which was first 
introduced in [Tia97] and later formulated in this way in [PTIO] . The curvature 
calculation on the Weil-Petersson metric of the CM line bundle suggests that it 
is ample. However, due to the presence of possibly singular fibers, this is only 
completely worked out for (see |Schl2] '). 

In this note we give a purely algebraic proof of the fact that the CM line 
bundle is ample on Our approach is inspired by the recent interplay of 

studying from both the algebraic and differential geometry view points, 

especially the equivalence of KSBA stability and K-stability for canonically 
polarized varieties (see |Odal2p . 

Theorem 1.1. The CM line bundle is ample on the KSBA moduli space. 

Using the Nakai-Moishezon criterion and the formula of the CM line bundle 
for a family of KSBA stable varieties, we immediately see that this is implied 
by the following theorem. 

Theorem 1.2. Let T be a normal variety and {Z,A) T a family of n- 
dimensional KSBA stable pairs with finite fiber isomorphism equivalence classes 
{see Definition \2.5} . then f*{{Kz/T + A)"+^) is ample on T. 

At the end, we want to remark that the positivity of the CM line bundle 
is expected for spaces parametrizing Kahler-Einstein varieties or even polarized 
varieties with constant scalar curvature (see e.g. [PTlOj b But in general, not 
much is known. In the case of the moduli space of Kahler-Einstein Fano varieties, 
it is still not known how to show the positivity of the CM line bundle with 
only algebro-geometric tools. Using the fact that the curvature of the CM line 
bundle is the Weil-Petersson metric for a smooth family and some deep results 
in analysis, one can verify that it induces an embedding when restricting to 
the locus which parametrizes Kahler-Einstein Eano manfolds (see [LWXI5] 1. It 
remains to be an interesting and challenging question to prove similar results 
using only algebraic geometry. 
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2 Preliminary 

2.1 Notation and Conventions 


We follow the notation in |KM98) and |Koll3b) . 

When X is a demi-normal (for the definition of demi-normal, see |Koll3b[ 
Definition 5.1]) variety over A:, we say that {X, A) is a pair if A = ^ Oi A^ is an 
effective Q-divisor with < 1, any component A^ is not contained in Sing(A) 
and Kx + A is Q-Cartier. 

We refer to [Koll3b[ 5.10] for the definition of a pair (X, A) to be semi log 
canonical (sic). Over an arbitrary base scheme T, let / : X —^ T be a flat family 
of sic models. We refer to [Koll3a[ 28] for the definition of the m-th reflexive 

[m] 

power ^x/T- 

2.2 KSBA stable family 

In this section, we briefly introduce the concept of KSBA family. See |Koll5j 
for more background. 

Definition 2.1. A pair (X, A) over k is KSBA stable, if it is proper over k, it 
has sic singularities and Kx + A is ample. 

We define the notion of a KSBA family in full generality only for the bound¬ 
ary free case, since that is what we need in [Theorem 1.11 In the case of the 
presence of a boundary, we define the notion of KSBA family only over normal 
bases, as that is sufficient for the purposes of [Theorem 1.21 We want to note 
that when there is a boundary, the definition of a KSBA family over a general 
base is subtle (see |Koll5p . 

Definition 2.2. For any scheme T over k, a family / : X —>■ T is a KSBA stable 
family if / is flat, Xj is KSBA stable for each t G T, and it satisfies the following 
Kollar condition: oj^x/t compatible with base-change for each integer m, that 

is, if S' —?> T is a morphism, then ^jJ^Xs/S ~ • 

A proper flat morphism (X, D) ^ T onto a normal variety is a KSBA stable 
family, if D avoids the generic and the singular codimension one points of each 
fiber, (Xt, Dt) is KSBA stable for each t GT and Kx/t + D is Q-Cartier. 

Remark 2.3. The above two definitions are compatible. That is, if X —T 
is a KSBA stable family in the second sense then it is automatically a KSBA 
stable family in the first sense, i.e., satisfies the Kollar condition, according to 
IKollll 4.4] and |Kol081 Cor 25]. 

We also need the following definition from |KP151 5.16]. 

Definition 2.4 (Variation). Given a KSBA family /: (X, Z?) —>■ T over an 
irreducible normal variety, such that the dimension dim(Xt) = n and the volume 
{Kxt + Dt)" = V. Let I be the set of all possible sums, at most 1, formed from 
the coefficients of D. Then, there is an associated moduli map jjL-.Y^ M.n,v,i 
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to the moduli space of KSBA stable pairs with dimension n, volume v and 
coefficient set I. The variation var(/) of / is defined as the dimension of the 
image of /x. 

There is a more intuitive way to define var(/) that does not use the existence 
of the moduli space let / : (X, T>) —>• T be a KSBA stable family over a 

normal base, then we define the variation var(/) of the family to be dimT — d, 
where d is the dimension of a general isomorphism equivalence class of the fibers. 

Since the moduli map /i sends t and t' to the same point on A4n,v,i if and 
only if {Xt, Dt) is isomorphic to the closed points of the closed fibers 

of the moduli map are the equivalence classes under the equivalence relation 
on the closed points of T given hy t = t' if and only if {Xt,Dt) is isomorphic 
to {Xf , Df ). Then the simple addition formula for the dimension of the total 
space, the general fiber and the base of a fibration yields that the dimension of 
the image of the moduli map is dim T — d, where d is the dimension of a general 
equivalence class as above. This says that the above two ways of dehning var(/) 
are equivalent. 

If var/ = dimT, that is a general fiber is isomorphic to only finitely many 
others, we say the family has maximal variation. 

Definition 2.5 (Finite fiber isomorphism equivalence classes). Let / : (A, D) —>■ 
T be a KSBA stable family over a normal base of dimension d. We say that / 
has finite fiber isomorphism equivalence classes, if for each t G T, the set 

{uGT\ (AC,D") = (A",D")} 

is finite. 

Remark 2.6. By the existence of the Isom schemes of KSBA stable families 
[KP151 Prop 5.8] there is an open set U C T, such that for every u G U, 
the locus {t £ T\{Xt,Dt) = {Xu, Du)} is a locally closed subset of the same 
(general) dimension. 

Proposition 2.7. |KP15[ Cor 5.20] Given / : {X,D) T a family of stable 
log-varieties over a normal variety T, there is a generically finite proper map 
T' ^ T from a normal variety, another proper map T' —>■ T" to a normal 
variety and a family of stable log varieties f" : {X", D") —> T" with maximal 
variation and finite fiber isomorphism equivalence classes such that the pullbacks 
of the above two families over T' are isomorphic. 

Lemma 2.8. Given f : {X, D) T a maximal variation KSBA stable family 
over a normal variety T with n-dimensional fibers, and H is an ample divisor on 
X, then /*(iP"+^) is Q-linearly equivalent to an effective cycle with the support 
S, such that fs : {X, D) Xt S ^ S is of maximal variation. 

Proof. Let us search for the above required effective cycle E in the form 

/* (Hi n • ■ • n Hn+i) , 

where Hi G \mH\ for some integer m ^ 0. We are ready as soon as we make 
sure that each component of E intersects U of IRemark 2.61 Let Zi {I = 1,.. .t) 
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be the components of T\ t/. Then it is enough to guarantee that no component 
of E is contained in any of the Zi. For that, just choose Hi inductively to 
be general members of \mH\, which therefore does not contain any irreducible 

component of f~^Zi fl This way, f~^Zi n have 

dimension dimZ; — 1, which shows that no component of E is contained in 

□ 

2.3 CM line bundle 

For the reader’s convenience, in this section we recall some of the basic back¬ 
ground on the CM line bundle. For more details see |Tia971lPT10[IFR06llPRS08[ 
IWanl2l[WX14] . The concept of the CM line bundle was first introduced in 
|Tia97] . Unlike the Chow line bundle, it is not positive on the entire Hilbert 
scheme (see [FROGj 'l. However, it is expected to be positive on the locus where 
the fibers are K-polystable. 

Let f : X ^ B he a proper flat morphism of schemes of constant relative 
dimension n > 1 and let H be a relatively ample line bundle on X. We will 
assume throughout that B is normal, X is S 2 and has pure dimension. We also 
assume that / has S 2 , Gi fibers. 

Then Mumford-Knudsen’s determinant bundle construction shows that there 
are line bundles Aq, ..., A„_|_i such that the following formula holds: 

det /! = det R'f = a1"+V ® aI'^ 0 • • • Ao 

Let /r := - [Kx^ ■ > then 

Acm = AcM(X/i?,H) := ® 

A straightforward calculation using the Grothendieck-Riemann-Roch formula 
(see e.g. |FR06) 1 shows that 

ci(A„+i) =/* (ci(A)”+^) and nci(A„+i)-2ci(A„) =/*(ci(A)”ci(A:x/b))- 
Hence 

ci(Acm) = f* (n^ci(A)"+^ + {n + 1 )ci{Kx/b)ci{AY) . 

In particular, if KxjB is Q-Cartier and relatively ample, let A = Kx/By we 
simply have 

ci(Acm) = f* {iKx/BT~^^) ■ 

Similarly, a log extension as in [WX14) shows that if we consider the log setting 
and assume Kx/b + D to be Q-Cartier and relatively ample, let A = Kx/b + D, 
then 

Cl (Acm {{X,D)/B)) = /, ({Kx/b + 

(See |WX141 2.8, 2.9]). 
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2.4 Dlt blow up 

Proposition 2.9. Let g : {Z, A) T be a KSBA stable family over a smooth 
variety T. We further assume that the generic fiber (Zj, A^) is log canonical. 
Then for each 0 < e <C 1, there is a pair (X, Df) and a divisor 0 < D on X 
with a morphism p : X ^ Z, such that 

(a) Kx+D= p*{Kz + A), 

(b) {X,D^) is kit, 

(c) f : {X, D^) ^ T is a KSBA stable family, 

(d) D — Df^ is effective and its support is contained in Ex(p)nSupp 
and furthermore, 

(e) if the variation of (Z, A) T is maximal then so is the variation of 
{X,D,). 

Proof. Let p : A —Z be a Q-factorial dlt modification of (Z, A) |Koll3b[ 1.36] 
and write 

P*{Kz + A)=Kx + D. 

Denote by = [D\ and = D — By [BCHMl^ . we may take 

p : A Z to be the relative log canonical model of ^A, (1 — e)D^^ + 

over Z. Let q : X X be the induced morphism and D, and the 

corresponding pushforwards. Define then := (1 — e)D^^ + whence |(b)| 
and |(d)| follows. Note that by [BCHMl^ Thm E, p 414], A is the same for all 
0 < e <Cl. _ 

Since —eD^^ =z Kj^ + (1 — + we have that —eD^^ =z Kx+D,, 

is ample over Z. Furthermore, 

Kx+D, = q, (k^ + (1 - e).D=i + 

= q, (q*p*{Kz + A) - e.D=i) = p*{Kz + A) - eD=\ (1) 

So, since A^ + A is ample over T, Kx+D,, is ample over T as well for 0 < e -C 1. 
A computation similar to m but with D instead of shows |(a)[ 

Let n be the relative dimension of Z over Y. To obtain (c), we need to show 
that A is flat over T, does not contain any component of A^ or any divisor 
in the singular locus of Xt for any t € T and (A^, Dg j) is sic of dimension n for 
all t &T. We work on a neighborhood of an arbitrary point t &T. 

To see the above statements, note first that if IT C A* is a component, 
then dimW > n. Let Hi,...,Hd be d general hypersurfaces passing through 
t where d = dim(T). Then as (Z, A + g*{J2^=i Hi)) is crepant birational to 
(A, D + f*{J2i=i Hi)), the latter is log canonical. As (A, D + f*{J2i=i Hi)) is 
log canonical at W, f*Hi are Cartier divisors and W C nf=i f*Hi, by |dFKX12l 
34], we know that (A, Hi)) is snc at the generic point of W and W is 
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not contained in Dt, which has the same support as D^ f Therefore dim W = n 
and Xt is smooth at the generic point of W. In particular, Xt is reduced and 
equidimensional. 

Since {X,D^) is kit, then X is Cohen-Maucaulay (see [KM981 5.22]). Since 
/ : X —>■ T is an equidimensional morphism and T is smooth, Xt is cut out by 
a regular sequence. In particular, Xt is CM and / is flat. Let C = 
which is a smooth curve passing through t. Then Xq' = X Xt C is normal 
and 

{Xc.D^^C'- =D^XtC) 


satisfies that (Xq, + Xt) is log canonical by adjunction. This implies that 
(Xc, —^ C is a KSBA family. Therefore, He has to avoid the general 

point r] of any codimensional one component of the singular locus of Xt- Thus 
(Xj, He,t) is sic by adjunction and we conclude (X, He) —>■ T is a KSBA family 
over T. 

To prove (e), just note that for a general t €T, (Z*, At) is the log canoni¬ 
cal model of {Xt,Dt). So, for general t,u €T and for 0 < e <C 1, (Xf,He,t) — 
(X„, He,u) if and only if (Xt, Dt) = (X„, Du), from which it follows that {Zt, At) = 
(Z„,A„'). This shows|(e)[ 

□ 


2.5 Bigness and nefness of relative canonical bundle 

We first collect some results about the push forwards of the powers of the relative 
canonical bundle. 

Definition 2.10. A torsion-free coherent sheaf X on a normal variety X is big, 
if for an ample line bundle iJ on X, there is an integer a > 0 and a generically 
surjective homomorphism 0iL —J- 5'[“1(H) := (5'“(H))**. 

Theorem 2.11. If f : (X, H) T is a maximal variation KSBA stable family 
over a normal projective variety T with kit general fibers, then /*Ox(r(Xx/T + 
H)) is big for every sufficiently divisible integer r > 0. 

Proof. This follows from |KP15[ Theorem 7.1]. □ 

Remark 2.12. Note that the kit assumption in the above theorem cannot be 
weakened to log canonical according to [KP151 Example 7.5-7.7]. 

Theorem 2.13. If f : (X, D) ^ T is a KSBA stable family over a normal pro¬ 
jective variety T, then f»Ox{r{Kx/T + D)) is nef for every suffciently divisible 
integer r > 0. 

Proof. This follows from |Fujl2[ Theorem 1.13]. □ 

Corollary 2.14. If f : (X, H) T is a KSBA stable family over a normal 
projective variety T, then 

U{{Kx/t + D)-+^) 

is nef. 
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Proof. Since /* {{Kx/t + is compatible with base-change, and nefness 

is decided on curves, we may assume that T is a curve. However, then we are 
supposed to only prove that 0 < deg/* [{Kx/t + -0)"'+^), which follows if we 
show that [Kx/t + is the limit of effective cycles. The latter statement 

follows from the nefness of Kx/t + D. 

Thus it suffices to show that Kx/t + D is nef. Since there is an embedding 

X c¥TiUOx{r{Kx/T + D))) 
for r sufficiently large and 


0{l)\x — r{Kx/T + D), 

then the nefness of Kx/t + T* is a straightforward consequence of Theorem l2.13l 

□ 

Proposition 2.15. If f : {X,D) T is a maximal variation KSBA stable 
family over a smooth projective variety T such that the generic fiber {Xt,Dt) 
is log canonical, then Kx/t P P> is big and nef for every sufficiently divisible 
integer r > 0. 

Proof. We have shown the nefness of Kx/t + D in the last proof. 

For the bigness, when the general fiber is kit, by Theorem 12.111 there is a 
sequence of generically surjective morphisms 

r{®H) ^ rS-fOx{r{Kx/T + D)) ^ Ox{ar{Kx/T + D)), 

for some a and sufficiently divisible r. After replacing a by its multiple, and 
tensoring A := r{Kx/T + D), we know that there is a nontrivial morphism 

f*{®mH) (g) Ox{r{Kx/T + D)) Ox{{ma + l)r{Kx/T + D)), 

which implies that Kx/t + D is big. 

In general, applying Proposition 12.91 we know that we can find a birational 
model h : Y —>■ A, such that if we dehne Dy so that 

h*{Kx+D) = KY + DY 

holds, then there exists a divisor Dy < Dy for which {Y, Dy) —>• T is a maximal 
variation of KSBA stable family with generic kit fibers. Thus Ky/y -b P)'y is big 
which implies Kx/t + D is big. □ 


3 Proof of Main Theorems 

In this section, we prove Theorem 11.21 and hence Theorem 11.11 By induction, 
we may assume the base is of dimension d and Theorem II.21 already holds when 
the base is of dimension at most d—1. Note that the d = 0 case is tautologically 
true, hence the starting point of the induction is fine. 
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3.1 Log canonical case 

Lemma 3.1. Theorem \l.S\ is true if a general fiber (Xj, Dt) is log canonical. 

Proof. Set A := Kx/t + D and d := dim(T). According to |Corollary 2.14[ by 
the Nakai-Moishezon criterion and resolution of singularities, it is enough to 
show that when T is a d-dimensional smooth projective variety and {X,D)/T 
is a KSBA family of maximal variation, then (/* > 0. 

Write A = H + F for some ample Q-divisor H and effective Q-divisor F. 
According to lLemma 2.81 /* is linearly equivalent to a.d—1 dimensional 

effective Q-cycle over whose support {X, D) has a maximal variation. Hence by 
induction we have 

>0. 

So we only need to show that for any 0 < k < n, 

if* ■f,{H’^-F- A^-’^) > 0. 

This again follows from the induction since /* ■ F ■ is a limit of 

effective {d — l)-dimensional Q-cycles. For any d — 1 smooth projective variety 
P ^ T, hy the projection formula 

where denotes the restriction oi A on X Xt P, and g : X Xt P ^ P the 
natural morphism. Then by the induction we have 

and this implies what we need by resolution of singularities. □ 

3.2 Semi-log canonical case 

Let / : {Z, A) —>■ S' be a KSBA stable family over a normal variety T. Taking 
a normalization f : X ^ Z, we get 

{X,D) = UZAX^,D,)^T 

with a conductor divisor E and Di is the sum of the conductor divisor and 
the pull back Axi of A. Furthermore, there is an involution r : E’^ —>• E’^ on 
the normalization A" of E which preserves the difference divisor Diff£;n(Ax)- 
In fact, we know there is one to one correspondence between {Z,A)/S and 
{X,D,E,t)/S as above (see [KollSbl Theorem 5.13]). 

Lemma 3.2. Let f : {Z, A) —> S &e o KSBA stable family over a normal variety 
T, Taking a normalization f \ X ^ Z, we get 

Then f : (X^, Di) T is a KSBA stable family over T. 
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Proof. Let 0 S T be a closed point, (Xi^g, Di^) —>■ {Xi^, Di^) the normalization, 
and Difi the sum of the pull back of and the conductor divisor. Then 
{Xifi.Difi) is a KSBA stable pair. 

We first want to check X ^ T \s flat at the codimension one point of Xq. In 
fact, to see this, by cutting the fiber using general hypersurfaces, we can assume 
that Z ^ T has relative dimension one, i.e., the fibers are nodal curves. Let 
E be the conductor divisor of the normalization g: X ^ Z. By definition, g is 
isomorphic outside E. Furthermore, if a codimension one point P of the fiber is 
contained in E, then g{P) is a nodal point of the fiber, and analytically locally 
around g{P), we can write it as Ot[[x, y]] /{xy — a) for some element a € Or- 
However, since P € E, we conclude a = 0, which implies that A —5> T is smooth 
along E. 

Thus we can apply the numerical stability in |Koll5[ Section 13] and conclude 
that for a general point s e T, 

+ A.s)"- 

Furthermore, the equality holds if and only if {Xi,Di) —)> T is a KSBA stable 
family over an open neighborhood of 0 S T. 

On the other hand, we know that 

m 

+ D.,sr = {Kz^+^sT 
= {Kzo+AoT 

m 

= E(^Wo+A.o)”, 

i=l 

where the second equality follows from the fact that (Z, A) is a stable family 
over T. Thus we conclude for each i, 

(^W,o+A,o)” = (ifx.,.+A..)”. 

□ 

Remark 3.3. We give a sketch of a more straightforward argument for a weaker 
statement than Lemma 13.21 which says that there exists a proper dominant 
generically finite morphism T' —>■ T, such that the normalization {X[^D[) of 
(Z, A) XtT' is a KSBA stable family over T'. This is enough for our calculation 
in the proof of Theorem 11.21 for the general case. 

By generic flatness, there is an open set T°, such that := {X^, Di)xT 

po po g, KgBA family over T°. Applying [AKOOj . we can assume there is 
a proper dominant generically finite base change g: T' ^ T such that 


(A, XtT',A XtT') 

admits a weak semistable reduction. It follows from |HX131 Theorem 1] that by 
running a relative MMP of {XiXrT', DiXrT') over T', we obtain a relative good 
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minimal model {Xf^, A™). A similar argument as in the proof of Proposition of 
12.91 shows that (A™, A™) is flat over T', for any t G T', A™^ does not contain 
any component or codimension one singular point of Xf)., and (A™, A™ ) is sic. 

Then the injectivity theorem (see |Fujl3[ Theorem 6.4]) implies that the 
relative log canonical models (A)^,A)^) of (A™, A™) over T' fiberwisely gives 
the log canonical model of (A™, A™ ). Furthermore, (A)^, A)^) is flat over T' by 
Grauert’s criterion. Thus (Af, A°) is a KSBA stable family over T'. 

Let 

{X',D') = UZ^{XlD‘r)^T'. 

Over (;“^(To), {X',D') extends the family of (A, I?) XtA lso we easily 
see both E Xt g~^{T^) and the involution condition 

T Xt5"^(T°) : {E Xto ^ (A Xto 

extend to corresponding data E' and r' over T'. 

Thus {X', D', E',t')/T' induces a KSBA stable family {Z',A')IT' over T' 
by [KollSbl Theorem 5.13]. It satisfies that 

(Z', A') XT- g-\T°) = (Z, A) xt g-^T^)- 

By the separateness of the functor of KSBA stable family, we conclude that 

(Z',A') = (Z,A)xTr', 

as both of them give KSBA stable families over T which are isomorphic over 
the generic point. 

Proof of \ Theorem l.S\ . We use the notations of ILemma 3.21 Applying Proposi¬ 
tion [23 there is a smooth projective variety T' with a generically finite mor¬ 
phism T', with m dominant morphisms hi : T' —> Ti to smooth projective 
varieties such that if we denote by A' := Xi Xt T' and H' := Di Xt T^ then 

{XlD[)^{Y,,Ef)XT,T', 

where gi : {Yi,Ei) Ti are KSBA stable families over Ti with finite fiber 
isomorphism equivalence classes and log canonical generic fibers. Furthermore, 
we have that 

h : T' ^ Ti X ■ ■ ■ X Tm 
is a generically finite morphism. 

According to ILemma 3.11 and the induction on dimension, we know that 
(gi)* {{KYi/Ti + is ample on Ti. Denote by /' : A' —>• T' and pi : 

Ti X • • • X Tm —> Ti the induced morphisms. Since h is generically finite, and 

(/* {{Kx/t + A)”'"''^))j,, = ^(/()* {jyKx'jT' + 

i 

= E (5- = h* (Y.pU9^)* {{Ky,/t. + E,r+^) 


ample over Ti X • • • X Tm 

is big and nef on T'. Thus the above computation concludes the proof. □ 
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Proof of Theorem \l.l\ We apply the Nakai-Moishezon criterion (cf. |Kol90] 1. 
So it suffices to check for any d-dimensional irreducible subspace B C 
the top intersection ■ B > Q. 

By |Kol901 2.7], we can replace i? by a finite surjective base change tt : —>■ 

B such that B' is normal and B' —>■ lifts to B' —>• ^^sba _^ksba jg 

the fine moduli DM stack which parametrizes families of KSBA stable varieties. 
Thus there is a KSBA family of finite fiber isomorphism equivalence classes 
XjB'. In particular, 


by Theorem 11.21 




CM ■ 


B = 


1 

deg(7r) 


\d 

^CM 


•B' > 0 


□ 


Remark 3.4. A large part of our argument works in the log setting, i.e., for 
KSBA families of log pairs. However, due to the subtlety of the definition of 
the KSBA functor itself, we will not discuss it here. 
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